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SUMMARY

The profiles and thicknesses of normal shock waves of moderate
strength have been determined experimentally in terms of the variation
of the equilibrium temperature of an insulated transverse cylinder in
free-molecule £low. The shock waves were produced in a steady state in
the Jjet of a low-density wind tunnel, st initisl Mach numbers of 1.72
and 1.82 in helium and 1.78, 1.85, 1.90, 1.98, 3.70, and 3.91 in air.
The shock thickness, determined from the maximm slope of the cylinder

temperature profile, varied from 5 to 3% times the length of the Maxwell

mean free path in the supersonic stream. A camparison between the exper-
imental shock profiles and various theoretical predictions leads to the
tentative conclusions that: (1) The Navier-Stokes equations are adequate
for the description of the shock transition for initial Mach numbers up
to 2, and (2) the effects of rotational relaxation times in air can be
accounted for by the introduction of a "second" or "bulk" viscosity coef-
ficient equal to about twoethirds of the ordinary shear viscosity.

INTRODUCTION

A precise experimental determinstion of the structure and thickness
of the normal shock wave is of fundemental interest in the study of gas
dynamics because it does much to define the usefulness of the Navier-
Stokes equations, or of any alternative set of equations, for predicting
the behavior of a very nonuniform gas. In addition, the observed nature
of the shock wave sheds considerable light on the magnitude and character
of so-called "relaxstion effects" associated with the finite time required
to obtain equipartition of energy smong the tramslational and internal
motions of s polyatomic molecule.

The adiantages of the normal shock wave as an object of both experi-
mental and theoretical study are:

(1) The one-dimensionslity of the flow
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(2) The lack of dependence of the internal shock-wave structure
upon the nature of boundary conditions at a fluid-solid interface

(3) The relatively high degree of nonuniformity of the flow, which
is sufflcient in a shock of moderate strength to cause measurable dif-
ferences in the profiles predicted by various theories

(4) The dependence of the degree of nonuniformity, to be defined
by dimensionless values of the stress and heat flux in the fluid, or by
the fractional wvariation of mean flow properties over the length of a
molecular mean free path, upon a single shock-strength parameter

It is the last-named property of the shock wave which suggests the
use of the low-density wind tunnel for experimental investigation. Since
the pertinent scale of distance in the shock weve is the mean-free-path
length, use of the .low-density gas stream with I1ts relatively long mean
free paths will relieve the most troublesame difficulty of shock-wave-
structure experlments - the accurate resolution of the very small shock
thicknesses found in normal-density wind tunnels and shock tubes,

Whereas the thickness of a shock in air at a Mach number of 2 may be

1.1 x 10"'5 inch at standard temperature and pressure (conditions upstream
of the wave), the seme shock (i.e., same Mach number) will have a thickness
of 0.047 inch in the no. 3 low-density wind tunnel.

The theoretical problems involved in calculating the profile of the

steady normal shock wave have been treated in a literaturel which orig-
inated with pspers by Rankine, Rayleigh, and Taylor. Subsequently, the
treatment of the problem by use of the Navlier-Stokes equations and the
assumption of a perfect gas has been brought to a satisfactory com-
pletion, so that one may now predict the effects of variation of all the
significant parameters (Mach number, Prandtl number, and specific-heats
ratio) and take into account the temperature dependence of the viscosity,
thermal conductivity, and Prandtl number. Even weak relaxation effects
have been accounted for in a recent paper §ref. 16) through the intro-
duction of a second viscosity coefficient (also called bulk, volume, or
compression viscosity) which is assumed to have the same temperature
dependence as the ordinary shear viscosity.

Several authors among those listed have concluded on the basis of
their calculetions that the flow within any but the weakest shocks is
so nonuniform that it cannot be accurately described by the Navier-Stokes
equations, The equations which are usually suggested as improvements
are those derived from a kinetic-theory viewpoint, by the methods of
Fnskog, Chapman, Burnett, and Grad (see, e.g., refs. 17 and 18). These

lsee references 1 to 16 for a representative but not exhaustive
bibliography.
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more complicated equations have been derived for a monatomic gas only

and have been applied to the calculation of shock-~wave profiles in three
recent papers (refs. T, 12, and 15) with results which were concluded,
particularly by Grad and Zoller, to be preferable to the Navier-Stokes
results for Mach numbers greater than about 1l.3. The basis for the pref-
erence is largely that the predicted shock thicknesses are relatively
greater according to the more complicated theories., Partly because of

the plausible nature of the derivation of the higher order kinetic-theory
equations, and partly because some of the comparisons of shock thicknesses
calculated from them and from the Navier-Stokes equations were improperly
drawn, the Navier-Stokes equations have fallen lately into some disrepute.
On the other hand, it may be emphasized that this line of thinking has
been to date almost entirely inspired by theory, since little or no exper-
imental information is available on flows which are sufficiently non-
uniform to make a measurable difference in the predictions of various
theories. Even the purely theoretical trend of thought has encountered
some rebuttal, notably by Gilbarg and Paolucci (ref. 16).

Although the usual experimental study of relaxation phenomens in
polyatomic gases has to do with the absorption and anomalous wvelocity

dispersion of forced ultrasonic waves in a ga.s,2 the effects of lagging
internal energles are equally evident in the structure of a normsl shock
wave, If the relaxation times are so small that their effects can be
represented fluild mechanically by a nonzero value of the bulk viscosity
(refs. 7 and 16), analysis shows that the shock thickness is increased
by the relaxation effect, quite measurably for even the smallest values
for bulk viscosity given in the ultrasonic literature, although the shape
of the shock profile is not greatly altered. If, on the other hand, the
lag of intermsl energies is so severe that it is appropriate to describe
the gas within the shock as a reacting mixture with sensibly different
temperatures for the translational and internal motions, then it may be
expected that the shock profile will assume a shape considerably different
fram that of a shock in a monmtomic gas. The profile for the relaxing
gas would be characterized by a zone of comparatively rapid transition
for the translationsl motions mixed with and followed by a longer zone of
adjustment of energy between the translational and internal degrees of
freedom (refs. 20 to 22).

The experimental Investigation reported herein is not the first to
be directed toward a determination of the structure and thickness of shock
waves or to consider the shock wave as a useful source of informetion con-
cerning relaxation effects. Greene, Cowan, and Hornig of Brown University
have for several years been developling a remarkable program of similar
intent, utilizing a measurement of the optical reflectivity of shock fronts

2Reference 19 gives a good summary of this work.
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passing through a shock tube at atmospheric pressure and above (refs. 23

to 25).

The present studies were undertaken because the experimental

method and tools are entirely distinct from those employed by Greene,
Cowan, and Hornig and seem to offer certain advantsges in directness and
detail of measurement and ;n accuracy and interpretation of resulis.

This work was conducted at the University of California under the

sponsorship and with the financial assistance of the Netional Advisory
Committee for Aeronautics.

SYMBOLS

specific heat at constant pressure
specific heat at constant volume

number of excited internsal degrees of freedom of a molecule

reference length, £t

Mach number upstream of shock wave
Prandtl number
pressure, 1lb/sq ft

wind-tunnel reservolr temperature, °R

reference temperature, °R, <§—§%%>To

wire temperature, ©R

dimensionless, normalized wire temperature

macroscople flow velocity, fps
dimensionless, normalized flow veloclty
distance along flow, ft

dimensionless distance along flow
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¥ specific-heats ratio, cp/c:v

) "area" shock thickness (fig. 10), ft, or units of ¥y

Bm "maximm-slope” shock thickness (fig. 10}, ft, or units of y
Sij Kronecker delta function

€ dimensionless shock-strength paremeter

K bulk viscosity modulus, lb—sec/sq £t; defined by Navier-Stokes

formulation for viscous stress

Pyy = -Pdyj + u<%+ %1-1- -52- B 3 %) + KBy 5 %
Aq Maxwell mean free path upstresm of shock, £t
K shear viscoslty modulus, lb-sec/sq £6
§x x-component of total molecular velocity, fps
o density, slugs/cu ft

Other symbols, used in the appendixes, are defined where they
appear, ;

EXPERTMENTAT, METHOD

The essence of the experimental method can be described very briefly.
A normal shock wave 1lg produced in a steady state by introducing an appro-
prigtely designed obstacle into the supersonic Jet of the low-density
wind tunnel. The shock-wave profile is then recorded in terms of the
variation in the equilibrium temperature of a small-~diameter wire oriented
parallel to the plane of the shock, as the wire is traversed through the
shock zone. As a consequence of the relatively long mean free paths char-
acterizing the low-density wind-tunnel flows, temperature-sensitive wires
may be obtained with dismeters sufficiently small compared with the mean-
free-path length so that the presence of the wire in the shock zone does
not disturb the macroscopic flow pabttern. Under such conditions of Lree-~
molecule flow, 1t is possible to make a theoretical calculation of the
wire temperature at any point 1n the gas at which the molecular distri-
bution function is known and so to relaste the wire temperature profile of
a shock to the velocity or density profile, and so forth, This availa-
bility of a free-molecule-flow hot-wire anemometer for low-density wind
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tunnels was first noted by Tsien (ref. 26). The method is complicated
experimentally by problems of producing a shock which approximates closely
the theoretical model, in which the limiting flows upstream and downstream
of the shock are perfectly uniform, and by problems of minimizing extra-
neous thermal exchanges to the wire due to radiation and metallic con-
duction. These are discussed in later sections and in appendix A,

Theoretical interpretations of the results stem largely from the
basic work by Stalder and assoclates (refs. 27 to 29), who investigated
the free-molecule cylinder in a uniform stream, and from recent work by
Bell (ref. 30), who considered the effects of nommiformities in the flow.
Appendixes B and C are devoted to application of their methods to the
prediction of wire temperature profiles for comparison with the experi-
mentel results. ‘

EXPERTMENTAT, APPARATUS AND PROCEDURE

Development of Apparatus

Shock holders.- The type of shock-producing device which was f£inally
developed is shown in figure 1. It consists of a thin-walled circular
cylinder or cone frustum which 1s immersed in the uniform portion of the
wind-tunnel Jet. The cylinder is alined carefully with its axis parallel
to the direction of flow and is provided with some movable device with
vwhich to vary the open area of its downstream end, When the downstream
opening 1s completely plugged, a shock stends detached as in front of an
impact tube or other blunt body. As shown in figure 2, gradual withdrawal

of the plugging device decreases the detachment distance and the curvature

of the central portion of the shock wave until a plane shock wave is
obtained at the entry of the cylinder. (Actually, the shock is swallowed
in the last picture shown in fig. 2.) The ideal shock holder of this type
should behave in the following manner: The shock should be held stably
and exactly across the mouth of the cylinder, so that it will be plane

and normal to the flow. The shock should be followed by a reglon of uni-
form subsonic flow of sufficient extent to permit identification of any
suspected relsxation effects downstream of the shock and then by scme sort
of throat section which will isolate this region fram the low-pressure
region of reexpanded flow behind the shock holder.,

In the development of the shock holder, use was made of the gir-
afterglow flow-visualization technique. (ref. 31) » of a static-pressure

tap on the Imside of the shock holder near the rear, and of a mumber of

very smaell impact-pressure tubes. The latter instruments are sensitive
to the transition of f£low properties through the shock because of varying
viscous and rarefaction effects which are too complicated to be subject
to theoretical prediction. Since the impact tubes were not small
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enough to enjoy free-molecule flow, they disturbed the shock wave as
they passed through, as may be seen in figure 3. The nature of impact-
pressure traces recorded with a 0.043-inch-diameter tube is shown in
figure %, along with a family of curves showing the influence of the
probe position upon the pressure recorded at the shock~holder wall tap.

As is evident from figures 2 and 5, different types of choking
devices were incorporated with the shock holder. The grid shown in
figure 5 seemed most satisfactory and was used in the final experiments.

One final item to be noted in the shock-holder design is the slotting
of the leading edge to permit passage of the measuring wire. It appeared
possible to make these slots wide enough to permit good clearance for the
wires, without disturbing the nature of the shock held across the entry
plane.

Limited use was made of another type of shock producer, namely, a
large transverse cylinder, which produces a detached shock that is locally
normal in the vicinity of the stsgnation streamline bubt is followed by =
decelerating flow.

Free-molecule equilibrium-~temperature probe.- Both temperature-
sensitive resistance wlres and butt-welded thermocouples were used to
fulfill the function of the free-molecule equilibrium~temperature probe
(fig. 6). The resistance wires have the advantage of availability in
very small diameters and 1in very strong metals, so that they may enjoy
free-molecule flow over a wide range of wind-tummel flow conditions and
g0 that they may be held straight in tension for purposes of alinement
and location. Since the resistance-wire response is to an integrated
average temperature over the measuring length, a serious problem of the
minimization of thermal end losses must be met. This was done in the
present experiments by introducing separate potential leads to isolate
and measure the resistance of a relatively short central section of the
current-bearing wire. The potentlal leads were of the same dismeter and
material (0.00025-inch tungsten) as the current wire and were very neatly
Joined to the latter in a made-to-order unit furnished by Flow Corporation
of Cembridge, Massachusetts. The measuring length was about 1/2 inch,
or spproximately the central third of the diameter of the shock-~-holder
entry. The potential leads and current wire were oriented in a plane
parallel to the plane of the shock, and there was no indication that this
distortion of the probe geometry from that of a simple transverse cyl.-
inder had any effect on the equilibrium temperature.

Thermocouple probes have the advantage of being temperature sensitive
only at the Junction but are nobt easlly available in diameters less than
0.002 inch because of the mechanical inferiority of most thermocouple
metals and the difficulty of producing the butt-welded or neatly lap
welded Jjunction., The range of wind-tunnel operation which will produce
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free-molecule flow about a wire of this diasmeter is quite restricted.
Early models of the thermocouple probe were similar to that shown in
figure 5. A measuring section B/E inch long, with a Junction in the
center, was held transverse to the flow by its own ends, which extended
downstream for 1/2 inch before passing into small supporting tubes of
drawn Pyrex. This arrangement was inferior from a point of view of wir
straightness and of thermal end losses and was abandoned when the feasi
bility of slotting the shock holder was discovered. The final thermo-
couple probe was a simple wire of 0.002-inch iron and constanten, neatl;
lap welded at the center of a 6- or T-inch length (fig. 6(Db)).

Wire traverse.- The final arrangement for support and locomotion
of the equilibrium-temperature probes is shown in figure 7. The ends of
the thermocouple wires, or specilal heavier wires attached to the ends of
the tungsten resistance thermometer, passed through ceramic insulators
mounted on a light spring-steel yoke and were soldered into the measurin
circuit. The yoke could be spread apart by a differential screw turn-
buckle, to place the wires in tension, and it was in turn mounted on a
carriage which could be run back and forth along the direction of flow
by a small electric motor. The supposedly constant speed at which this
traverse moved was 1 inch per 40 minutes, but tests showed that this
varied slightly over the period of one revolution of the drive motor.
The position of the wire at any time was given by a dial indicator
attached rigidly to the upstream wall of the test chamber and bearing
against the movable base of the wire support yoke.

Wind-Tunnel Facllities

The low-density wind tunnel is the no. 3 wind tumnel at Berkeley,
a continuous-flow, nonreturn, open-jet type (ref. 32). The two nozzles
which were employed for the present tests are designated as nozzle 6
(1.8 <M< 2.2) and nozzle 8 (3.7< M< Lk.1)(ref. 33). The gas intake
to the tunnel is elther directly from the roam, through activated-alumins
driers, or from bottled gas. In the latter case, the bottled gas can be
rendered very dry by running it through a refrigerated trap (ref. 31) at
about 125 pounds per square inch gage, ylelding dew polnts lower than
-100° F as measured by an Alnor Type TOOOL Dew-Pointer. Extra-dry air
can be obtained by running sir from a compressor through this trap. With
regard to the ultimate purity of the gases in the wind-tunnel Jet, very
little of a quantitative nature can be said, because of the unknown influ-
ence of small lesks in the wind-tunnel shell or in the line between the
wind tunnel and the drier or of outgassing. In general, no special pre-
cautions were taken to insure gas purity during the present tests, since
a few experiments in which nitrogen was kept as pure as possible yielded
results which were indistinguishable from those obtained with room air.
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Since the no. 3 wind tumnel is not equipped with special nozzles
for helium, nozzle 6 was used in this capacity. The flow produced in
this menner was somewhat less uniform than the air flow for which the
nozzle was designed, and the nozzle calibration in helium is corre-
spondingly less certain than that in air.

As mentioned previously, the chief feature of the no. 3 wind tunnel
which is of interest to the shock-wave study is the production of long
molecular mean free paths, In figure 8 the mean-free-path length in

am 1s plotted, in inches, versus the welght rate of gas flow
in the two nozzles. Nobte that the longer mean free paths occur in the
lower Mach number nozzle, which fact made 1t easier to obtain shock-wave
traces in nozzle 6 and accounts somewhat for the scanby data obtained
for the higher Mach number flows. Another factor in the wind-tunnel per-
formance whilch limited the scope of tests in the higher Mach number nozzle
was a slight fluctuation in the test-section pressure which became serious
at flow rates greater than 10 pounds per hour, msking it lmpossible to
produce a perfectly steady shock. Something of this nature occurred also
in nozzle 6 but seemed to be the fault of the shock holder, whereas even
a detached shock off a transverse cylinder was unsteady at high flow rates
in nozzle 8.

Technique and Schedule of Final Experiments

After a fairly extended period of preliminary and developmental
experiments, a series of final tests was performed. The testing procedure
was very simple once a shock holder and thermocouple or resistance-wire
probe had been installed and alined. This aelinement was easily achieved
when a thermocouple was used, since the shock holder was mounted in a
mammer allowing delicate adjustment of its height and inclination and
since there were only two slots in the shock holder for the wire to clear.
The resistance-wire-thermometer alinement, requiring clearances in four
slots, was somewhat more tedious and was accomplished by adjusting both
the shock-holder orientation and the positions of the ends of the fine
tungsten wires. The latter adjustment was achieved by bending the heavy
wires which were attached to each tail of the tungsten wires.

When the wind tunnel was ready to be operated, the free-molecule cyl-
inder was first placed in the entry plane of the shock holder to provide
an indication of proper location of the shock wave. With flow established
at a Mach number and pressure level known to be appropriate to the par-
ticular shock holder in use, the shock-holder choking grid would be set to
give first a detached shock and then a swallowed one. The wire-temperature
indications for these two conditions corresponded approximstely to the
dowvnstream and upstream limits of the shock-wave profile, and, when the
choking grid was further manipulated to make the temperature of the wire
(st111l in the entry plane) nearly equal to the average of these end
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readings, the shock was considered to be properly placed. One factor
due to the influence which the shock position had on the balance between
Jet static and test-chamber pressures complicated this procedure. Since
the shock holder captured a sizable fraction of the wniform portion of
the Jet, there was a considerable interactlon between the shock position
and the aforementioned pressure balance, making it necessary to adjust
the two more or less simultaneously.,

Once the shock had been positioned, the wire temperature was observed
over a period of time, in order to make certain that the shock was sta-
tionary. Then the measuring wire was run downstream umtil a definite
indication of the uniform flow downstream of the shock was reached. From
this point, the shock profile was traced out in the upstream direction by
two different techniques, cone appropriate to the resistance thermometer
and the other, to the thermocouple.

Shock traces with a resistance thermometer.- The resistance wire was
fed a constant current of 0.2 milliampere, obtalned from a 3-volt dry
cell, a fixed 10,000-ohm resistor, and a O- to 12,500-chm veriable resis-
‘tor in series. ’.Ehe potential drop across the 'bemperature—measuring sec-
tion of the wire was measured with a Rubicon hand-~balancing potenticmeter
and sensitive galvanometer (Leeds and Northrup, 0.4l microvolt per
millimeter), while the wire current was monitored by a Weston Model 31
milljemmeter. The potentiometer readings were converted to temperatures
by use of a linear formula with a temperature coefficlent of resistance "
which was determined by the wire manufacturer from calibrations performed
on semples from the same spool of wire. According to th:l.s calibration
the least count of the Rubicon corresponded to about O. 1° F when the wire
current was 0.2 milliampere.

While the wire temperature was being measured in the above manner,
the stagnation temperature of the flow was measured by an iron-constantan
thermocouple located in the upstream reservoir chamber. Before each run,
an Initial reading of wire resistance versus thermocouple temperature was
taken at no-flow conditions, with a sufficiently bigh gas pressure to
make the wire temperature correspond to the true gas temperature. The
scatter of these no-flow readings from day to day gave some idea of the
probable error of determination of the absolute temperature of the wire
due to calibration drifts, instrument errors, and so forth.

During the tracing of a shock profile, the potentlal drop across the
resistance wire and the wire position were recorded at a sufficient number
of points, the spacing of which was determined by the mean-free-path
length, to give a satisfactory definition of the shock profile and thick-
ness, as shown in figures 9(a) to 9(h). The time required for this was
about an hour per shock wave.
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Traces with thermocouple wire.- When thermocouple probes were used,
the difference in thermal electromotive forces generated by the probe
Junction and by an identical Junction placed in the stagnation chamber
was automatically recorded by a Brown Electronik X-Y function plotter.
The recorder chart was driven at constant speed by a small motor wired
in parallel with the motor on the wire traverse. Distance on the chart
was converted to distance traveled by the wire by assuming wire and chart
speeds to be constant at values measured with a stop watch. Each shock-
wave trace was recorded in both the upstream and downstream directions,
and when the recorder sensitivity was adjusted to the maximum limit for
stable pen motion the hysteresis between forward and rearward running
traces amounted to a few thousandths of an Inch of wire travel. The
stagnation temperature was recorded separately with the same thermocouple
as was used with the resistance wire.

Schedule 6f final experiments.- The final data which are reﬁorted
herein were taken at initial (or upstresm) Mach numbers of 1.72 and 1.82
in helium and 1.78, 1.85, 1.90, 1.98, 3.70, and 3.91 in air.

REDUCTION OF DATA

The dimensionless variables introduced for analysis of the datae were
suggested for the most part by Grad's analysis (ref. 15). The distence
in the direction of the flow is converted to a variable Yy, defined by

3K
oy Bri= o
'j+5/2+ (J+3)<§+§>Pr]:‘*

This variasble is discussed in gppendix B. In the formulas for y,
x 1is the measured distance, L, is a reference length having the same

units as x, and € 18 a parameter indicating the strength of the shock;
Ly and e are computed from more familiar variables by the equations

I, = -p%(ﬁﬁ + 1) n(Ty)

(42 + 83 + 15)(my2 - 1)
(3 +3) + (3 +50°
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The gas properties which have been assumed for the reduction of the data

are as follows: For helium:

J=0, Pr=2/3, k=0
and for air:

=2, Pr=3M r=24/3

The temperature dependence of p was taken from references 34 and 35.
Table I gives a listing of the calculated values of y/x for each flow
setting at which a f£insl shock profile was traced, along with other var-
lables needed to describe the flow.

If one prefers the upstream mean free path Ay as a reference
length, he mgy convert the abscissa of the shock profikes y to x/Al
by dividing y by y/x and then by Ay. Both of the last-named quan-
tities are listed for each flow setting in table I.

The free-molecule cylinder temperature is determined £rom the celi-
bration of the thermocouple or resistance wire and is made dimensionless
by forming its ratio to the measured-stagnation temperature. This ratio
is then normalized to run from 1 to -1, in the mamner applied to the

theoretical profiles ;n appendix B, by use of the formuls

(N

ty =2

T

To

(

Ty
To

)

{@f)l ) (

Tw
To

3

in which subscripts refer to conditions at the upstream (1) and down-
stream (2) 1imits of the shock zone. This variable artificially cancels
the effects of calibration differences and radiation and end losses, as
well as the theoretical variation in temperature spread across the shock,
‘simplifying comparisons of experiment with theory or of one experiment
with another. Introduction of the varlisble is in keeping with the aim
of the present investigation, since the normslizetion does not influence
those characteristics of the shock profile (i.e., shape and thickness)
which are of principal interest herein. The normalized temperature can
be formed only for the traces of normal shocks produced in the hollow
shock holder, because the detached shock traces have no point of zero
slope to serve as a reference level on the downstream side.

The normal-shock traces are presented as graphs of Uy versus Yy,
based upon the step-by-~step data of the resistance-wire measurements and
upon a curve falred smoothly through the middle of the hysteresls loop of
‘the thermocouple traces. In drawing the latter curve, an attempt was made
to remove the effects of the small periodic speed variation in the wilre-
traverse motor. The origin for the variable y 1is taken arbitrarily et
about the point at which 4y equals zero.
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The shock thicknesses are determined graphically from the curves
of ty versus y by both the maximm-slope method (Prandtl's definition)
and the area method recently suggested by Grad. Figure 10 compares the
two definitions, which yield the same numerical values only if the shock
profile is a straight line. For any other profile the area thickness is
greater than the maximum-slope thickness; for exsmple, for the zero-
strength profile (see appendix B) the area thickness is 2.77 in units
of ¥y, while the maximum-glope thickness is 2. In what follows, the area
thickness wlll be designeted by © and the maximm-slope thickness,

by Om.

EXPERIMENTAT, RESULTS

Free-Molecule Probe Response in e Uniform Stream

Both theory and previous experiment (refs. 27 to 29) have shown
that a cylinder which is a perfect heat conductor internally but is
totally insulated from radiation and end losses, if placed with its axis
perpendicular to a uniform stream of gas in which the mean-free-path
length is several times the cylinder dismeter, is heated by the stream
to a temperature which is a function only of the local Mach number and
static temperature amnd of the mumber of excited degrees of freedom of the
ges molecules. For a stream with constant stagnation temperature, the
cylinder temperature increases fairly rapidly with Mach number up to
about M = 2, after which the response 1s quite insensibive to further
increase in M. The first important results of the present experiments
demonstrate the extent to which this behavior was found.in the wires
vwhich were used as shock-wave probes. These wires were different from
those with which the free-molecule theory was tested by Stalder, Goodwin,
and Creager (ref. 29) in that no attempt was made to combat thermal end
losses by artificial end temperature control. Aside from the special
arrangement of the resistance-wire thermometer, with extra potential leads
to isolate a central portion of the current wire, the present wires
depended only on a high length-diemeter ratio to reduce end-loss effects.
The results obtained are seen in figure 11, in which the ratlo of measured
wire temperature to measured stegnation temperature is campared with the
theoretical retio for a perfectly insulated cylinder. This figure shows
all experimental points for which the Knudsen nmumber was greater than
about 5 lying as close to the theoretical curves as can be expected in
view of probaeble errors in measurement. (Exceptions to this statement,
for which no explanation has been found, exist in the case of certain
data for helium st supersonic Mach mmbers.) As the Knudsen mmber drops
below 5, the points tend to drop below the theoretical curve because of
a lack of fully developed free-molecule flow.
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As a consequence of the results shown in figure 11 it is thought
that the wires used in this experiment behaved as insulated cylinders
in fully developed free-molecule flow, for all wind-tunnel conditions
encountered, as long as the mean free path in the vicinity of the wire
was at least 5 wire diameters long.

Operation of Normal Shock Holders

Bxperimental difficulties which were encountered in the attempt to
realize the ideal. shock-holder behavior described earlier appeared to
be of two kinds, both probably traceable to the boundary-layer growth
inside the shock holder. First, if the internal-boundary-layer bulld-up
was excessive, the shock holder became self-choking and it was impossible
to draw the detached shock back into the entry plane. Some allowence for
this boundary-layer growth was made by diverging the intermal contour,
but no very satisfactory theory exists to gulde the correction, which at
best would be applicable over only a very small range of flow conditions.
Second, there existed certain conditions, possibly corresponding to an
overcorrection for boundary layer, for which the shock would not remain
stationary in the shock-holder entry but performed small random oscil-
lations about a mean position.

Fortunately, almost every shock holder which was tried worked prop-
erly over some range of wind-tunnel conditions, so that by use of the
three models shown in figure 1 it was possible to cover an aedequate over-
all range of flows. However, even when a shock holder was operating cor-
rectly, with the shock steady in the entry plane, the internal boundary
layer exerted a slight influence on the downstream tail of the shock-wave
profile, as will be discussed more fully later in this report.

Nomal-Shock-:Wave Profiles

The normal-shock traces in raw-data form showed wire~temperature
changes of about 60° F across the shock and shock thicknesses varying
from a few hundredths to a few tenths of an Inch. The final traces are
presented in dimensionless, normalized form, as plots of ty versus y

(see "Reduction of Data"), in figures 9(a) to 9(h). Each figure shows
all traces recorded at a given flow setting, including both thermocouple
and resistance-wire traces and occasional repetitions of the same trace
which were taken on different days or with different shock holders. The
lalter repetitions were frequent in the higher Mach number nozzle, because
of the large amount of scatter which was encountered. For polnt-by-point
traces with the resistance wire, the points of measurement are shown; for
the continuous thermocouple traces recorded with the X-Y function plotter,
the smooth curve is shown. (An exception to the last statement 1s seen
in fig. 15(a) s Where points have been picked off the thermocouple trace
to avoid confusion with the theoretical curve.)
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Shock~Wave Thicknesses

Shock thicknesses were calculated only for those traces which were
obtained with the resistance wire, since the higher Knudsen numbers
obtainable with this wire gave greater assurance that the wire did not
perturb the natural condition of the shock front. These resulbts are
shown in figure 12, in which & dis plotted versus the shock-strength
parameter e3; in figure 13, in which u*/ pudy 1s plotted versus the
initial Mach mmber M1; and in figure 14, in which Bp/A;  1s plotted
versus M;. In all graphs the results of repeated measurements are rep-

resented by a point giving the average value and a line showing the
spread of values. Various theoretical results from the literature, and
experimental results by Greene, Cowan, and Hornig, are also shown in
figure 15. In exsmining figure 13, one should note that some of the
shock thicknesses shown are teken from the density profile; some, from
the velocity profile; and some, from the free-molecule wire temperature
profile, The effect of these inconsistencies is discussed scmewhat in
a later section.

Evidence of Wire-Size Effect on Shock-Wave Profile

The range of Kunudsen numbers (A/d) encountered in the present
experiments was sufficient to indicate in some instances the nature of
wire-size effects when the conditions for fully developed free-molecule
flow were not met. Such effects may be seen by contrasting figure 9(a) 5
which shows ldentical traces obtained with a relatively large thermo-
couple wire (A*/d = 10) and with a much smsller resistance wire
(A*/d = 80) at a flow condition for which both wires enjoy free-molecule
flow, with figure 9(g), wherein the trace from the larger wire corre-
sponds to A*/d = 1,3 and that from the smaller wire corresponds to
A*/ d = 11, Evidently the larger wire in the latter case has produced
en artificial broadening of the shock front. Such comparisons between
traces of identical shocks, recorded with wires of different sizes, in
addition to the study of deviations between experimental and theoretical
wire temperatures 1in the uniform stream, served to establish the Knudsen

mmber criterion for discarding any shock traces which could contain a
wire-size effect.

EXPERIMENTAT. ERROR

Random Frror in Measurements

The three quantities measured were two temperatures and a distance.
In addition, use was made of the previously determined calibrations of
the wind-tunnel Jets.
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The accuracy of determining the absolute level of temperature, with
both thermocouples and resistance wires, was qulte poor, with errors
amounting to perhaps +5° F. These errors remsined approximately constant
during a run and were mostly canceled by the method of data reduction.

The sensitivity of the 'bempera.ture-measuring equipment, on the other hand,
was quite good, being about 0. 1° F for the resistence wire according ‘to
the least counts of the potentiometer and galvanometer, which corresponds
to about 0.16 percent of the total change in wire temperature across a
shock. The stagnation-tempersture messurement also probebly conteined
errors of a few degrees, but again the data-reduction method involves only
changes In To during the tracing of a shock; and these changes could be

measured with a precision of about 0, 3 F,

Distance through the shock was measured with an effectlve least count
of about 0.0002 inch at the higher Mach numbers (0.000l-inch-reading dial
indicator) and of gbout 0.001 inch throughout the remainder of the tests.
The smallest change in x which could be reliably measured amounted. to
2 percent or less of the meximm-slope shock thickness in all cases.

Uncertainty in the calibration of the wind-tunnel Jets entered into
the conversion of x into y and into the specification of the initial
Mach mmber. Previous experience with nozzles 6 and 8 indicates that
there exists a probable error of +2 or +3 percent and of less than 1 per-~
cent In their respective Mach number determinations., Corresponding to
this Mach mmber uncertainty and to the probable error of measurement in
stagnation pressure and temperature, there are probeble errors in Iy

and Ay of about ¥3 percent in nozzle 6 and of sbout *1 percent in

nozzle 8. The probsble error in the conversion factor y/x is consid-
erably less, being less than 1 percent throughout, because of the fact
that y/x is practicelly independent of My Within the range of mnozzle 6.

The greatest source of uncertalnty in the experimentally determined
shock thicknesses entered through the difficulty of drawlng the maximum-
slope line. This error appeared to be about +5 percent up to about Mach
number 2 and +10 percent at the two points around Mach mumber 3.8.

Systematic Experimental Error

Any new experimental method must be scrutinized carefully for sources
of systematic error, and the mmber of possible sources of such error is
great in the present experiment. It mey be that the following discussion
will fail to name them all, but everything which has occurred to the author
individually or bas been suggested by others will be given some mention,
even if some items are concluded to be umimportant within the small range
of tests performed so far. This discussion will be presented as an attempt
to answer a number of critical questions concerning the experiment.
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(a) Was the shock wave really plsne and normal to the incident £low?
Since both the thermocouple and the resistance wires recorded the result
of an average energy balance over an appreciable length of wire, the
experimental ty +traces would certalnly be distorted fram the true shock

profile if the shock were curved in such a manner that the wire did not
lie parallel to the shock front. By reason of this same averaging prop-
erty, the wire itself could not be used effectively to check the plane-
ness of the shock (for instance, by varylng the position of the thermo-
couple junction along the length of the wire). The principal assurances
that the shock was truly plane in the present tests were as follows:

(1) The shock stood directly in the entry plame of the hollow shock
holder, according to measurements of the wire temperature. The shock is
known to be convex upstream when slightly detached, end it appears rea-
sonable that it would be convex downstream when very slightly swallowed;
the inference is that it would be plene when in the entry plane. (2) Com-
parison with the profiles of detached shocks from the tramsverse cylinder,
for cases in vwhich the detachment distance was falrly large compared with
the shock thickness, showed good asgreement, although what shock curvatures
there could have been in the two cases were certainly very different in
nature. Nelther of these assurances amounts to a direct observation, and
the pleneness of the shock may stlll be open to question; in any case it
is evident that the error introduced into the shock-wave profiles would
be an artificial thickening.

(b) Was the shock really steady, or could it have been drifting or
vibrating? High-~-speed schlieren photographs show that shocks in
atmospheric-pressure wind tunnels frequently perform rapid oscillations
about a mean positiom, so that shocks appear considersbly sharper in
high-speed photographs than in low-speed ones. AG Ghe other extreme,
shocks have been observed t0 dritt slowly in one direction in the low-
density wind tunnel, in response to a transient chasnge In the very thick
boundary layer during the time a model requires to reach its equilibrium
temperature in the supersonic stream. Either one of these effects, if
present during the tracing of the shock profile, would raise serious
questions concerning the validity of the data. ZErrors due to a slow drift
could be avolded by walting for the transient to pass, and considerable
care was teken to do this. Vibrations, if fairly slow, would show up on
the wire temperature, particularly when the wire was near the center of.
the shock. Such slow vibrations could be caused by mechanical vibration
of the shock holder or of the choking device, or by random fluctuations
in the test-chamber pressure. In either case they were easy to identify
and avoid. High-frequency vibrations, on the other hand, could not be
detected by the rather sluggish measuring circuits, and the only argu-
ments against thelr possible exlstence are indirect. No one has as yet
suggested any reasonable source of excitation of such high-frequency
oscillations (the low-density supersonic jet is almost certainly not
turbulent), and in any case the error introduced would again be a broad-
ening of the shock front, a result which sppears somewhat unllkely in
view of the rather small shock thicknesses which were observed.
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(c) Was the measured shock profile unduly influenced by the boundary-
layer growth within the shock holder or by the geometry of the shock
holder itself? During the course of preliminary and developmental experi-
mentation it became evident that the shock was almost never followed by a
long zone of perfectly uniform subsonic f£low but rather by locally accel-
erating or decelerating flows, the exact nature of which depended upon
the shock-holder geometry and the Reynolds mumber. Furthermore, at the
lowest Reynolds mumbers the effect of these nonuniform downstream boundary
conditions appeared to penetrate upstream to a consldersble distence
through the shock wave, as evidenced by comperlisons of normal shocks and
detached shocks. However, £final data were gathered only under conditions
of minimm downstream nonuniformity; and comparisons between normal-shock
traces recorded with shock holders of different sizes and shapes, or with
the same shock holder at different Reynolds numbers, suggest that this
effect 1s not very large. Nevertheless, this is one of the most real
disadvantages of the present experiments and one which would merit con-
silderable attention In an attempt to refine or extend this work.

(d) Could the +tw profile have been significantly distorted by
x-dependent values of radiastion and end conduction losses or of Knudsen
mmbers? Since the wire temperature, effective end temperature, radisnt
surrounding temperature, and convective-heat-transfer coefficient all
changed as the wire was moved through the shock, particularly as the wire
first passed the shock-holder emtry plane, changing amounts of extraneous
heat losses could concelvebly have perturbed the shape of the shock pro-
file. However, some direct calculations (see appendix A) and a number
of indirect observations indicate that this effect was unimportant. The
indirect evidence which is considered pertinent is as follows: (1) Good
correlation between shock profiles at various gas pressures, for which
the calculated effects of extraneous heat losses were significantly dif-
ferent and for which the distances of wire travel were also distinctly
different; (2) lack of any discontimuity of profile slope or curvsture,
to be associated with the wire's passing the entry plane; and (3) good
agreement between thermocouple and resistance-wire traces, end losses
from the two instruments being different in calculated magnitude., Effects
of varying Knudsen mumber may also be disregarded, since final data were
retained only for traces in which the Knudsen number was everywhere sbove
the free-molecule flow limit.

(e) Was the shock profile unduly influenced by local nonuniformity
in the free-stream £flow? This question has particular significance with
respect to the use of an air nozzle to produce helium flows, which were
not so uniform as might be desired. However, tests made with the shock
holder in different axial positions (and hence in different situations
regarding local nommiformities of f£low) produced essentially identical
results, so that this possible source of error msy apparently be dismissed.
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DISCUSSION

Significance of +ty Profiles

In assessing the value of the present experimental method, one is
bound to question the relative usefulness of knowing the +ty profile of
a shock wave as contrasted with knowing the usual profiles such as those
of velocity or temperature, This is obviously a difficult point to dis-
cuss conclusively, and the suggestions which follow cannot be expected
to satisfy all critics; nevertheless, the point is too important to be
passed by without mention.

There is at first the question of %y being, for a cylinder of
finite diameter, as good a point function as (say) the velocity. A theo-
retical argument here is difficult, since one is not frequently critical
in defining how satisfactory a point function the velocity itself is;
but a practical. answer may be gained experimentally by observing the
change in +ty which occurs when a given wire is displaced by 1 diameter
across the steepest gradients in the shock. If this change is signif-
icant, then the wire is presumably too large to yleld a satisfactory
point messurement. (The largest such change was, at My = 3.9, about

2% percent of the total change across the shock, a value which may slready

be excessive, The next largest was about 1 percent, at Ml = 5.7, and
all others were considerably less than 1 percent.)

Supposing that <ty is a satisfactory point function, one then asks

how much information about the complete structure of the shock wave is
galned by knowledge of the <ty profile, At the outset, 1t is evident

from the calculations outlined in sppendix B that there does not exist,
except in the limit of vanishing shock strength, any Inversion relation
which will yield the velocity or temperature profile directly from the
tw profile. From the viewpoint of continuum theory there appear to be
two reasons for this fact, the first being the general lack of locally
adigbatic f£flow within the shock and the second being that the wire tem-
perature is influenced by local values of the stress and heat flux in
addition to the velocity and temperature. On.the other hand, the cal-
culations have shown that the <ty profile does not differ greatly from
the w profile for air or helium at a Mach number up to 2, regardless
of the particular theory used for the calculation. Some distinguishable
differences in profile shapes for <ty and w arise from the thirteen-
moment theory at a Mach number of 1.6l and fram the Navier-Stokes theory
for M; = 3.7, but under any circumstances it appears clear that the wire

temperature is more skin to the gas velocity than to any other variable.
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A more general viewpolint which is subscribed to herein is that the
state of the gas at a point within the shock is determined when the molec-
uler distribution functlon is known at that point and that, of all the
observable mean properties (such as velocity, density, gas temperature,
or free-molecule wire temperature) which can be calculated from the dis-
tribution function, no single one plays a role essentially more signif-
icant than that of any other. The function of an experiment in which
only one of these observable quantitlies 1s actually measured is to infer
the correctness of some theoretically postulated distribution function,
in the hope that a distribution function which predicts the correct values
for the measured observable quantlity will also predict correctly those
observable quantities which could not be measured. Thus, if it is said
in this report, for example, that the Navier-Stokes equations appear sat-
isfactory to predict the shock transition up to a Mach number of 2, what
is meant is that it has been possible to f£ind a distribution function
which yields the Navier-Stokes equatlons when substlituted into the Maxwell
transport equations for mass, momentum, and energy and which, when used
in the calculation of the free-molecule cylinder temperabture, ylelds
results in good agreement with experiment up to a Mach nuwmber of 2., The
inference then made is that the velocity and temperature profiles which
are calculated en route to the successful prediction of the Ty proflle

(see appendix B) are also correct.

The danger of this line of thinking lies in the obvious lack of
unique correlation between a correct distribution function and a correct
derived value for any single observable quantity, particularly when the
range of experimental data is sharply limited, as it is in the present
case, In other words, it may be possible to £ind two or more distinctly
different distribution functions from which one could calculate practi-~
cally identical +ty profiles for a shock in e given range of Mach number,
whereas these same two distribution functions might lead to vastly dif-
ferent (say) temperature profiles for this shock, Fortunately, no such
examples have sppeared as a result of the theoretical calculations done
so far.

The negative corollary of the above viewpolnt may be a little more
readily acceptable; this is, a distribution function which leads to a
very poor prediction of the observed +ty profile may probebly be dis-
carded as wrong. Even this conclusion must be tempered by one's estimate
of ‘the adequacy of the technique by which the parsmeters of the distri-
bution function are determined (by use of the Maxwell transport equa-
tions, etc.).

The most positive suggestion which seems appropriate for this report,
in view of the presently immabture condition of both the theorles and
experiments, is that the +; profiles may be used to infer the general

superiority of one theoreticel approach over one or more alternatives and
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that the free-molecule wire-temperature measurement is about as useful
as a velocity or density measurement for the purpose of this inference,
at least for Mach numbers up to about 2.

Comparison of Experiment With Theory

As noted in gppendix B, theoretical.shock profiles for comparison
with experiment have been calculated for M; = 1.82 in helium, My = 1.89

in air, and M; = 3.70 1in air. The calculations were done by the Navier-

Stokes and Mott-Smith methods, as indicated in table II. Figures 15(a)
to 15(c) show graphical comparisons of the theoretical ty profiles with

the experimental shock traces at corresponding Mach numbers. For the
helium shock, and for air at My = 1.89, a very satisfactory fit to the

data is afforded by the Navier-Stokes theory, with zero bulk viscosity
in the monstomic gas and with bulk viscosity equal to about two-thirds of
shear viscosity 1n air. The shape of the Mott-Smith profiles is satbtis-
factory, but the shock thickness is evidently too large, at least for

the §x2 transport equation (see appendix B). At My = 3.70, none of

the theories ylelds satisfactory agreement with the data; the Navier-
Stokes profile has the wrong shape and the Mott-Smith profile is still
too thick.

The thirteen-moment equations have not been solved for a normsl shock
wave for Mach numbers grester than 1.65, a limit which is unfortunately
lower than the lowest Mach number obtained in the experiments. In order
to obtain some idea as to 1ts correctness, this theory and the Navier-
Stokes theory are compared for helium at M; = 1.61 in figure 16. At

this Mach number, the shape and thickness of the thirteen-moment profile
are distinctly different from what would be expected from an extension

of the experimental data toward lesser shock strength, assuming that good
agreement between experiment and the Navier-Stokes theory continues in
this region,

Relaxstion Phencmens

Bulk viscosity.- The curves displayed in figure 15(b) strongly sug-
gest that air should be characterized by a bulk viscosity coefficient as
well as a shear viscosity. Although the concept of a nonzero bulk vis-
cosity coefficient 1s frequently overlooked in the study of fluid dynamics,

it has been the subject of many papers, both theoretical and exper:l.men‘l:a.l.3

JThis literature has been very well summarized by Truesdell (refo 36;
see sec. 6lA, pp. 228-231),
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The conclusion to be drawn from this literature is that bulk viscosities
certainly do exist in any but monatomic geses but that this fact is of
little practical importance in 211 but a few flow situations. The excep-
tional circumstances are those that have been noted before: High-frequency
sound absorption and dispersion, shock waves, or any flow in which the

. normal, rather than tangential, viscous stresses are predominant. Exper-
imental values of bulk viscosities, as obtained from acoustical interfer-
ocmetry and related experiments, have been very recently collected and
tabulated by Truesdell (ref. 19). The value given for air is k = 0.57u,
in good agreement with the value obtalned by the present study of shock-
wave structure.

According to several writers (e.g., Wang Chang and Uhlenbeck,
ref. 37), the ratio k/u cen be related to the relaxation time associ-
ated with the internal degrees of freedom when these degrees of freedom
exchange energy "easily" with the translational degrees of freedom of the
molecule (i.e., when relaxation times are small). From the relationships
given in reference 37, one calculates that a bulk viscosity &k = 2/5 !
implies the average requirement of 5.3 molecular encounters for the reduc-
tion of a sudden disturbance in the rotational molecular degrees of free-
dom, in air, to 1/e of its initial magnitude.

Additional relaxation effects.- Although the present findings con-
cerning the importance of bulk viscosity in the shock wave are corroborated
by the results of Greene, Cowan, and Hornig's optical-reflectivity exper-
iments, the latter experiments seem also to have suggested some additional
or residual relexation effects downstream of the main transition zone.
This has led to the feeling that the shock transition in certaln diatomic
and polyatomic gases may occur as a two-stage process, in which 90 percent
or so of the total density change occurs relatively quickly as described
by the Navier-Stokes equations with bulk viscosity, after which some final,
slower adjustments are completed to bring sbout the final equilibrium
state. Although the appearance of the wire-tempersture traces would seem
to deny the existence of such a two-stage shock transition in air or
nitrogen, certain features of the present experiment suggest that it may
be incapable of showing up the small adjustments of the second, slower
stage, even if a two-stage process does exlst. An interesting point is
brought out by reference to appendix C and to figure 17, which suggest
the possibility that the wire temperature in the downstream tall of the
shock mey be almost independent of the state of relaxstion of the gas,
particularly in the Mach number range in which most of the present data
were recorded. (See particularly curves a snd ¢ in fig. 17.) While the
results of appendix C are certeinly inconclusive, because of the roughmess
of the relaxation model and the lack of knowledge of values for the var-
ious accommodation coefficients, there are two other features of the pres-
ent work, nemely, the limited experimental accuracy and the distortion of
the downstream tail of the sbhock by boundary-layer growth in the shock
holder, which would definitely hinder detection of a second stage in the
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shock transition. Therefore, one may conclude that the wire~temperature
traces do not suggest any sort of two-stage shock wave, but neither do
they preclude the posslbllity of its existence.

Comparison of wire-temperature data with optical-reflectivity data.-
As may be seen in figure 13, there was unfortunabtely 1ittle Mach number
overlap between the wire-temperature data 'and the data of Greene, Cowan,
and Hornig, and where the overlap occurred, at about M; = 2, the two

types of experimental shock thickness are in rather poor agreement. How-
ever, of the optical-reflectivity data, only the relatively isolated
points at My = 2,1 differ very significantly from the Navier-Stokes pre-

dictions. The rest of these data may be fitted quite satisfactorily by
Navier-Stokes theories, with bulk viscosity equal to zero for the mona-
tomic gas and with a bulk viscosity, for the diatamic gases, approxi-
mately equal to the value used to fit the wire-temperature data for air
and nitrogen. Because of the extreme difference in the experimental
methods, this implied agreement between the present results and those
obtained by Greene, Cowan, and Hornlg seems quite remarksble.

CONCLUDING REMARKS

The profiles and thicknesses of normal shock waves of moderste
strength have been determined experimentally in terms of the varistion
of the equilibrium temperature of an insulated transverse cylinder in
free-molecule flow. The shock waves were produced in a steady state in
the jet of a low-density wind tunnel, at initiel Mach numbers of 1.72
and 1.82 in helium and 1.78, 1.85, 1.90, 1.98, 3.70, and 3.91 in air.
The shock thickness, determined from the maximum slope of the cylinder

temperature profile, varied from 5 to 3% times the length of the Maxwell

mean free path in the supersonic stream. A comparison between the exper-
imental shock profiles and various theoretical predictions leads to the
tentative conclusions that: (1) The Navier-Stokes equations are adequate
for the description of the shock transition for initial Mach numbers up
to 2, and (2) the effects of rotational relaxation times in air can be
accounted for by the introduction of a "second" or "bulk" viscosity coef
ficient equal to about two-thirds of the ordinary shear viscosity.

University of California,
Berkeley, Calif., May 24, 195k4.
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- APPENDIX A

NUMERTICAL, EVALUATION OF CONDUCTION AND RADIATION LOSSES

FROM EQUILIBRIUM-TEMPERATURE CYLINDER

A very camprehensive study of the effects of conduction and radi-
ation heat losses on the temperature of a bare thermocouple or resistance
thermometer in contact with a gas has been given in reference 38. This
has been used, in conjunction with empirical information supplied by
the authors of reference 29, to estimate the severity of these effects
in the present experiments. .

To begin with, the observation made by the authors of reference 29
in experiments involving the free-molecule cylinder in a uniform stream
was that radiation losses from all wires tested were practically negli-
gible but that end losses from their models were serious. The first
conclusion agrees nicely with Information on the radiant emissivities
of iron and tungsten (ref. 39), giving them to be all sbout 0.1. This
may be seen by evaluating the relative magnitudes of the radiation and
convection terms in the full heat-balaence equation (ref. 29):

(5 + B)e(s) T-Tl = a(s) - %%l:eo(ﬂ}wl" - Tsl*)] (A1)

As the worst conditions encountered in the present tests, take
j=2(in a(s), as in eqgs. (B24))

B=l.)-|-

p = 38 u Hg = 0.106 1b/sq £t (static pressure)

Vi = 1,074 ft/sec (most probable molecular speed)

a = 0.9 (accaommodation coefficient)(refs. 29 and 40)

e = 0.1 (radiant emissivity)
o
T, = 598° R
Tg = 523° R (temperature of radiant surroundings)

o = 3. 7% x 10710 £4-1b/(sq ft)(°R)”(sec)(Stefan-Boltzmann constant)
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The first term on the right of equation (Al) represents convection and
has the magnitude 60.2. The second or radistion term has the magni-
tude O.44, thus causing a 0.7 percent or about 4.3° F drop in T,.

Tt is interesting to make a companion calculation of the radiation
loss downstream of a normal shock wave at this same flow setting. There,

0.536

p = 0.340 1b/sq £t

8

V, = 1,296 £t/sec

554° R

(A1l other quantities are the same as in the above example.) In this
case the convective term has the magnitude 24.3, and the radiant term
amounts to Q.OAO, causing a 0.17 percent or 0.9° F drop in Ty. It is
seen that in this worst case radiation losses can have a measurable but
unimportant effect on the shock profile.

T

In order to evaluate the effects of end conduction losses on the
temperature distribution along the cylinder, an approximaste value of the
heat-transfer coefficient due to free-molecule convection is needed first.
This is given in reference 29 in a form equivelent to

3/ - (a2)

he

This reaches its minimum value, within the present experimental range,
at the flow setting cited above. Ahead of the shock, where T = 336° R,
its value is

(0.106)(1,074)(0.9)(16.96)
(11.12)(336)

he =

0.466 £t-1b/(sq £t)(sec)(CR)

2.2 Btu/(sq £t)(hr)(°R)
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Downstream of the shock, where T = 490° R,

by = (0.340)(1,296)(0.9)(10.72) 3,600
(11.12) (490) T78

3.6 Btu/(sq £t)(br)(°R)

To continue with the end-loss calculation, two formulas are now
drawn from reference 38. Both deal with the temperature distribution
in a cylinder of length 21, whose ends are in perfect thermal contact
with infinite heat reservoirs at temperature Te and which exchanges
heat with a surrounding gas, the heat-transfer coefficient being con-
stant along the wire length. Inbtroduce the symbols .

h heat-transfer coefficient to gas

K thermal conductivity of cylinder

d cylinder diameter

Thr equilibrium temperature of cylinder

Ty equilibrium temperature of cylinder in absence of
end conduction losses

and

The first formula gives the center-point temperature of a butt-welded
‘thermocouple made of wires of the same diameter but of different con-
ductlvities. Let the subscripts 1 and 2 distinguish between prop-
erties of the two wires, but assume h to be the same for both. Then

e stgmy stab (ng5) + 2m, siab (my5) -
Te - Tw' (Kqmy + Kmp) sizh [(ml + m2>L] - (Kamy, - Kgmp) sivh [(ml - m2>1]
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This relation is plotted versus mTL in figure 18 for the interesting

case where material 1 ig iron and material 2 is constantan. For this
purpose the conductivity of iron was taken to be exactly three times
that of constantan.

The second formula gives the average temperature of the centrally
located fraction 2bL of the total length of a monometallic wire,

T, - T, _ tenh (mL) cosh l}n(l - b)]‘.] - sinh En(l - b)L:\

Te = Ty1 bl (ak)

vhich is plotted versus ml, in figure 18 for the case b = 0.3. Shown
for comparison is the case for b = 0, which simply gives the center-
point temperature of the wire.

A pair of conservative numerical examples will now be worked out,
for consideration of the present data, using dimensions and properties
of the actual thermocouples and resistance wires. Clearly, the end-loss
effect will be greatest when the convective-heat-transfer coefficient
is smallest, so the previously calculated minimum value h = 2.2 is
used. Proceeding first to the case of an iron-constantan thermocouple
0.002 inch in diameter, the following values are used:

K(iron) = 35 Btu/(br)(£t)(°R)

h = 2.2 Btu/(hr)(sq £t)(°R)

d = 1.67 x 10~% £

]

So

(1) (2.2) 02
m(iron) = X 10= = 38.8
( _) (35)(1.67)
The choice of values for L and for T, 1s less straightforward, for

several reasons. The actual physical length of the wires was about

5 inches, but the length along which the flow properties and heat-transfer
coefficient were constant was only about 1.5 inches. Whereas the tem-
perature at the ends of the 5-inch length is probably very close to the
temperature of the wind-tunnel shell, it is very hard to guess an effec-
tive end temperature to apply at the ends of the length along which the
uniform properties prevail. Traverses made with a short thermocouple
probe such as is shown in figure 5 have demonstrated that the equilib-
rium temperature first rises as the probe moves from the free stream

into the supersonic edge of the boundary layer and then drops rapidly
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to a value close to the recovery temperature of the nozzle well as the

remainder of the boundary layer is crossed. Since the only purpose in

the present analysis is to see whether end conduction losses are impor-
tant, an arbitrary and presumably pessimistic choilce will be made as

follows: :
L = 3/ in. = 0.0625 £t

Te - Tyt = -30° R

mlL = 2,42
and from figure 18
TW - Tw’
—_—t = 0.12
Te - Ty

so that

Ty - Tyt = 3.6° R

The second calculation will be done for the same flow conditions
and the same guess as to the effective length and end tempersbure but

now for a resistance-wire thermometer with b = 0.3, d = 2.08 x 10~ foot,
end K = 87 Btu/(hr)(£t)(°R). With these values, one may calculate

(k)(2.2)
= O'0625/(87)(0.0000208) -
From figure 18 there is obtained
Ty - Ty _ 0.03%
Te - Tyr

so that the end effect is just about one quarter of that noted for the
thermocouple. To be conservative, this is doubled to allow for the extra
losses down the potential leads.

In the case of the resistance wire, which necessarily carries a
small current, there is also a possible extraneous effect on the equi-
librium temperature due to the electrical heating. This may be evaluated
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by use of equation (B23) of reference 28, which gives the corresponding
"term in the energy equation to be

_ 432 Q
PV
where

2
=1R
Q 7dL

R being the resistance of the wire leﬁgth L. For the present case,

1 =2 x 107% amp
R = 27 olms

d = 2.08 x 107 £t
L = 0.0k2 £t

yielding

Q = 0.39 watt/sq £t = 0.29 £1-1b/(sec)(sq £t)
By comparison with the first calculations of this section, concerning
radistion losses, it is seen that this effect opposes thet of radiation

and amounts to about one-seventh and two-fifths of the latter before
and behind the shock, respectively.
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APPENDIX B
THEORETICAL: CAT.CULATIONS OF WIRE TEMPERATURE PROFILES

Since the only known method of calculating the equilibrium tempera-
ture of the free-molecule cylinder involves direct use of the nmolecular
distribution function, the first step in the prediction of the wire tem-
perature profile of a shock is the calculation of the distribution func-
tion at each point within the shock. The methods by which this step is
taken are either selected from genersl attacks on the theory of nonuniform
gases, such as the Enskog-Chapmen method or the thirteen-moment method,
or specially formulated to describe the shock-wave transition, es in the
method of Mott-Smith. The starting point is unanimously teken to be the
Boltzmann integrodifferential equation, which equates the rates of change
in the distribution function due to the processes of drift and collislon.
Each separate method assumes the distribution function in a more or less
distinct form, in which some of the observable properties of the mean
gas motion appear as parameters and which is capable of assuming the form
for Maxwellian equilibrium with streaming velocity when the observable
properties take on their values appropriate to the uniform flows upstream
and downstream of the shock. This assumed distribution function is then
substituted into the Maxwell transport equations for the summational
invariants of an intermolecular collision (mass, momentum, snd total
molecular energy), and possibly for various other quantities as needed,
to provide a set of equations which can be solved subject to the shock-
wave boundary conditions to yield the spatial distribution of the observ-
able parameters of the distribution function. (This description is his-
torically incorrect in the case of the Enskog-Chapman method but is ade-
quate for the present task.) These equations in mean quantities are
simply the Navier-Stokes, Burnett, or thirteen-moment equations which
have served as the starting point for many theoretical pspers on shock-
wave structure or, in the Mott-Smith calculations, they amount simply
to the Rankine-Hugoniot equations relating the shock-wave end conditions,
plus one specialized transport equation.

Enskog-Chapman Method, Navier-Stokes Approximation

For the calculation using the Enskog-Chapman method, the distri-
bution function is taken in a form capable of describing both monatomic
gases and s limited class of diatomic gases for which the exchange of
energy between the translational and internal degrees of freedom of the
molecule is easy. This form of the distribution function was suggested

by reference 37:
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1 (mc®
f: = o > XM\ 2 1 -
i n(eat]ﬂ! Z _._EB/kT ©
e
<]
[, 0B 2, JupmCOp kR 5Ei>_
arg A, 5 P or [onPr? ok or \ekT kT
tr 9 Cy fmc? int 3r %Cy (B4
A -1} -N -1 Bl
Org, micAT \JkT ) dry, nkPr \JKT (=)

The mean flow properties which appear as parameters in this expression
are n, U, and T, The number density of molecules in coordinate
space n and the mean flow velocity U are defined in the usual way
by the following averages over the distribution function:

n =Z [l & i(t.3,m,)
i =
Ug, = %Zﬂ& gaofi(—g;;:Ei)
i - 00

* The temperature T 1is proportional to the mean total random molecular
energy and is given by the expression

P2 at(L mc2 + E; ) E
(3+3)nkZ._Qf §<2m + 1) i(€,7,E1)

The mean flow velocity enters the distribution function both explicitly,

in the terms of the form Bua/auﬂ, and implicitly, in the guantity C2,
since

.
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(B2)

Q
1

(b - o)+ (g = o)+ (b - )

Ehere 'E is the total absolute velocity of a molecule, T is the random
thermal agitation" velocity, and €x» &y, 8nd g, are the Cartesian

components of the vector E.

The distribution function, as written above, purports to give the
number density, ina 6 + j dimensional phase space, of molecules having

position between T and T+ a}, velocity between £ and T+ EE, and
internal energy between Ei and Ef + dEj, the internal energy being

the result of molecular rotations or vibrations. Since the present exper-
iments are concerned primarily with well-excited molecular rotations as
a source of intermal energy, attention has been restricted to a molecular
model whose internal energy may be assumed to be of quadratic form in
some continuous variable having the range -~ to « in J degrees of free-
dom. It has been assumed, furthermore, that the translationsl and inter-
nel motions of the molecule are independent, so that integrations over
translational velocitlies and over internal energies may be freely inter-
changed in order. The assumption of the form of the internal energy
ellows the summations over internal-energy states to be replaced by inte-
grations and leads to the following useful formulas:

E eje~c1

R |
2
R
i
‘ (53)
i (3 +2)

)
i
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where

E
I
ei_._

The distribution function (BL) contains other symbols and scme
notations which have not been used previously in this report and which
are consequently listed below:

k Boltzmann constant

m mass of a molecule

B coefficient of shear viscosity

K coefficient of bulk viscosity

Ktr heat-conduction coefficient for random translational energy
Aint heat-conduction coefficient for random internal energy

oy B, tensor indices, used with convention of summstion over

repeated indices

Bap Kronecker delta function; 1 when o =8 and O when « # B

The first step in the theoretical prediction of the wire tempersbure
profile of a shock wave, the determination of the spatial veriation of
the parameters =n, ﬁ, and T, is taken by substituting expression (Bl)
into the Maxwell transport equations (refs. 17 and 18) for the quan-

tities ﬁ, mé, and %mgz + E;, where §2 = gx2 + §y2 + gzz. All integra-

tions and sumations may be easily performed, and the procedure yields the
familiar conservation equations known as the Navier-Stokes equations for
a compressible, viscous, heat-conducting gas. These equations are spe-
cialized here for the case of a one-dimensional, steady flow:

SN - —_—— — - - - -
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3k
l(nmu): )
E—[nm12+nkT-(l—;-u+i§%;1—£ =0 S (BY4)
al f(3e3w 1 2\, 3 au 4 ar| _
d—xj-mru< 5 Tn—+§u)+uLnldI <3”+K>dx] de =0

in which A = AMnt 4 AT = Total heat cenductivity.

Each of these equations may be integrated once immediately, yielding,

with some regrouping of terms in the third
mu = M

2

4 du _
nmu +1:|]§EIZ'--<3p.-l-n)d_x P

341 (L
%nmu +2(,j+5)1ka <3p+n>

Here M,

equation,

> (B5)

du
d.x—)\

Ao} F:»)

aT -
dx

7

P, and Q are constants of the flow (note that this M is not

the Mach number) , which will be used in forming the following list of

dimensionless variables (ref. 15):

v = Mu/P.

T = M2T/P2m
r = mp/u?
@ = MQ,/P2

and the two reference lengbths

L =&
M

+

2
n

(¢

L=
5

|

n>.

-

L (26)

]

(B7) .
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In terms of these variables, equations (B5) may be written as

-

rv = 1

rv2+rT-&L%§=l
5 , (88)

3 S8y & 15 AT _
rv2 + (J + 5)rtv 3Lvd.x 2de a

r

The first of these may be used to eliminate r in the other two, which,
when rearranged slightly, may be written as

W |
£
gle
1l
<
+
4]
1
|-.|

. (B9)
%L‘%:@—vz+(,j+3)'r-a

J

The boundary conditions subject to which equations (B9) must be solved
for a shock wave are

-d'—.v-=-d;1-—-= —_— , )
o 0 at x =i (B1O)

Tmposition of conditions (B1O) upon equations (B9) ylelds simple simul-
taneous algebralc equations which may be solved to display the Rankine-
Hugoniot equations In terms of the present variables. The results are

.

= L___1
V== 2(j+4)[(3+5)i-e]

T=—1 2(:]2+8,j+l5>¥2e—e2
by + 4) :

in which the upper sign pertains to the upstream 1imit and the lower
sign, to the downstream limit, and in which there sppears a new shock-
strength perameter
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e =\/(3 + 52 b(3 + Wa (m12)

which is related to the initial Mach number by
Me_(3+3 J+rS5+ e

12 =
J+5/\d+3-¢

.- (32 + 83 + l5>(M12 - 1)
(3+3)+ (3 +5n2

[ (B13)

o

The methods of reference 15 will be continued here with the intro-
duction of normalized velocity and temperature variables w and t,
which run from 1 to -1 and from -1 to 1, respectively, as the shock is
traversed from upstream to downstream. These new variables are defined
by the equations

_ 1
v——————e(j“){(ws)mw]

'r=_..i.__.[,jg+8,j+l5 - €2 + 2et
u(3+u)2< )

[ (B1k)

J

If equations (B9) are rewritten in terms of the normalized varigbles,
and if the second equation is then divided by the first, the distance
variable x 1s eliminated and the direction field equation for the
velocity-temperature integral 1s obtained in the form

@”[2(J+3)(t+w)+e(l-we)][(a+5)+ew] (B15)
dw o(t + w) - e(l - w‘?)

in which the dimensionless parameter 3§ 1s proportional te the Prandtl
number by
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or

=21 xV_2
9 3(1 + l‘“)(J = 5)Pr (R16)

For the purpose of the present calculations, equation (Bl5) may be
integrated numerically, with the saddle-point singularity (refs. 15
and 16) w =-1, t =1 as initial point and with initial slope deter-
mined from equation (B15) by L'Hospital's rule. For the particular inte-
grations which were carried out, it appeared entirely satisfactory to
take increments of Aw = 0.1, with an occasional need for finer steps
as the upstream limit was approached. The Prandtl number was usually
considered constant throughout the shock, "although no essential difficulty
and 1ittle additional work is involved in using the empirical varlation
of Prandtl number with temperature for the particular gas concerned.

Having found t as a function of w within the shock, w may
now be calculated as a function of x by a second numerical integration,
this time of the momentum equation (first of egs. (B9)), which now takes
the form

Y ooaw _2(t + w) - e1 - w2)
30 & " (Jw+ 5) + ew (BL7)

Before this is done, it i1s interesting to introduce a dimensionless dis-
tance variable Yy, defined by

ELN l)Pr

_<J+u\ (hp

&X (B18)
J+ 3 £, B Ix
/2+(,j+3)<“+3)1>r
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in which the reference length Ly 1s to be evaluated at a temperature T,
which has here been chosen as

(B19)

T, being the reservoir temperature associated with the uniform flow at

either end of the shock. This choice is entirely arbitrary and is con-
sidered appropriate to the present investigation because this value of
the temperature i1s reached at or near the point of maximum shear stress
and because it is very nearly a constant for each gas tested in the wind
tunnel, which operates at essentially conmstant T,.

The cholce of y as a dimensionless distance 1s such that the
1limiting profile for a shock of zero strength has a particularly simple
form in texrms of w and y. The form is independent of J, Pr, the
temperature dependence of viscosity, the particular dependent variable
(i.e., velocity, temperature, or density), and the scheme of calculation
(1. e., Nevier-Stokes or thirteen-moment) and is equivalent to Taylor's
early solution for the profile of a vanishingly weak shock. Thus, as €
tends toward zero, the shock profile becomes

1 lL-w
==1
y 2 Oge(l + W) (B20)

As a final step previous to the next integration, equation (BlT)
may be rewritten in the form

(,j+lp\ <E+%>P:

5/2 + (3 + 3)(-'&+ %)Pr

(3 +5) + ew

2(t + w) - e(l - w2) o (521

€

Hlt«

The ratio %/L* = H/p* may be calculated from tabulated viscosity data

for the gas and temperatures involved, or it may be approximated by some
simple empirical fitting formula such as the power law

£
*
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The choice of zero point for y 1s entirely arbitrary; in the present
calculations y was usually taken to be zero in the vicinity of the
max-imum dw/dy, and the numerical integration proceeded upstream and
downstream from that point by use of the trapezoidal rule, which seemed
sufficiently accurate for this applicetion.

The spatiel variation of the parameters of the distribution function
having thus been found, the calculation of the equilibrium temperature of
the free-molecule cylinder proceeds by direct application and extension
of the enalysis of reference 30. The distributlon function used here is
somewhat different from that employed in reference 30, but the arguments
and analysis are ldentical and will not be repeated here. The final
equation for the steady-stste energy balance on an insulated cylinder,
with equal accommodation of translational and internal moleculsr energies
to the temperature of the wire, can be put in the form

int
a 8 —-i"'—-— 8 —_— 8 dT
(3+4) = @ s ) * ()<ndeQ+d(”< t>r+ ()(mﬂu> (223)
£le) + 8‘“’(3?& %1) + hls )<EE g) + ‘“’(Aum %) +0

The new varlables which appear are T, the wire temperature, and s,
the molecular speed ratio. The coefficient functions are:

a(s) = [254 + (J+ T2+ 3+ 1;|JI° + [254 + (3 + 5)s5]11 )

b(s) = %{[11;32 £ (3 + 65_‘ I, + li.ll-sz - (33 + 12)] Il}

c(s) = %{[532 + (3+6) 1, + 55?11]

a(s) = %[(10 - 3)5210 + (3 + 12)11]

e(s) = -;-(105210 + 105211) ’ (B2k)

£(s) = (52 + i)Io + 3211

&(s) = 3(1, - 51)

1
h(B) = -E IO

1(s) '== %(3210 - 5211)
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2

8
IO = IO<—é—>
2

5
Il(‘é‘)

are the modified Bessel functions of the first kind, of zeroth and first
orders. The speed ratio s 1is known at each point in the shock, being
defined by

where

I

I

5 = V/VE? (B25)

Equation (B23) suffices for the calculation of the wire temperature pro-
file of the shock, since all quantities except Ty are known. For pur-

poses of camparison with the velocity profile, or with experimental wire
temperature profiles, Ty 1s made dimensionless and 1s normalized to

run from 1 to -1 by the definition

Ty - Ty,

T. - T
Wy W

ty = 2 -1 (B26)

The subscripts 1 and 2 refer to upstream and downstream 1imit values
here, as throughout the rest of this report.

This completes the prediction of the wire temperature profile of a
normal shock wave, according to the Navier-Stokes equations. Curves
of w eand of ty versus y have been calculated for a number of con-

ditions, as noted in table II.

It may be interesting to note some numerical magnitudes of the con-
tributions to the wire temperature due to the non-Maxwellian terms of
the distribution function. ¥For this purpose, use may be made of the
approximate formula

q‘X
nkTu

TW sz‘
'—O’Sl+ Kl(S) kT + KZ(S)

where Tw0 is the wire temperature in a gas with Maxwellian distribu-
tion function and K; and K, are complicated functions of the speed

ratio s. The second and third terms on the right are the fractional con-
tributions to the wire temperature due, respectively, to stress and heat
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flux. These terms reach a maximum absolute value in the vicinity of the
center of the shock, at which point a few typical values are as follows:

For helium at M; = 1.61 (Navier-Stokes):

K, (s) %ﬁ] = 0.021
- max

Ko(s) ni’;l;, = ;0.036
L max

For helium at My = 1.82 (Navier-Stokes):

-

K]_(S) 2

XX

XX = 0.0
J 0.032
o max

Ke(s) E%‘azl = -0.054
max

For air at My = 1.89 (Navier-stokes, K = % u):

[l(s) xx} = 0.0k41

[ (5)

For air at Mj = 3.68 |[Navier-Stokes, Py —.92,- u) :

] = =0.036

Xy (s) E_ETJQ-‘} = 0,159

- max

Kp(s) | = -0.157
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Evidently the effects of stress Dy, and heat flux gy, are mutually

opposing, so that the combined effect upon the wire temperature frequently
understates the significance of the individual terms.

It 1s interesting to note the necessity for guessing a value

of KinB/K for air in order to calculate the +y profile, whereas no
such need arose in the calculation of the velocity profile. This occurs
because the total heat flux enters the emergy equation for the gas alone,
while the fluxes of random translstional and internal molecular energles
play quite separate roles in the energy exchange between the gas and

the cylinder., The guess made is entirely an uninformed one and smounts

to taking the heabt-conduction coefficients AT ang ARt gp the same
proportion as the average random energy contents 3kT/2 end JkT. It
is fortunate that the calculated value of +ty ~1s not very sensitive to
the exact ratio of the conductivities.

Another interesting observation drawn from these calculations 1s
that, up to a Mach number of 2, the dominant terms in equation (B23)
are a(s) and £(s), the terms which would result if the wire-temperature
calculation were based simply upon a distribution function of Maxwellian
form with parameters n(x) and T(x), whose spatial variation is deter-
mined by the Navier-Stokes equations. The contributions of the terms
involving velocity and temperature gradients in equation (B23) became
increasingly important as the shock strength increases and are definitely .
significant within the Mach number range covered experimentally.

Thirteen-Mament Method

The distribution function is written in the form (ref. 18)

S5kT

B,

3/2 .2 cC C fmc2
f=n<_m_> emc/ml+pa'Bma'B+gme (mC > (327)

The additional parameters which distinguish this expression from the
corresponding one in the Enskog-Chapmen formulation are Pags the diver-
genceless part of the stress temsor, and q,, the heat-flux-vector com-

ponent. These new variables are considered to be independent, rather
than expressible in terms of velocity and temperature gradients, and their
presence requires two extra equations in addition to those expressing con-
servation of mass, momentum, and energy. These extra equations are
obtained from the Maxwell transport equations for the quantities CapB

and CyC2 by the methods described in reference 18. The symbol p is
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introduced as an abbreviation for nkT and may be identified with the
thermodynamic pressure and the mean normsl stress at a point, since this
entire representation is intended only for a monatomic gas.

The prediction of the normal-shock velocity and temperature profiles
by the thirteen-moment method has been carried through in reference 15,
s0 that the analysis need not be repeated here., The only difference
between Grad's calculations and those done for the present report lies
in a slightly different choice for the reference temperature T,.

The calculation of the wire equilibrium temperature follows the
same lines as in the last section, being in this case quite identical
to the analysils of reference 30. The steady-state energy-balance equation
analogous to equation (B23) is

P g
X %F _ a(s) + b(s) —%§-+ d(s) 5% (528)

2(s) + g(s) 22+ 1(s) =

The coefficient functions a(s), b(s), and so forth are the same as
those listed in equations (B24) for the case j = O.

This method was used to calculate the +%,; and w profiles of just
one shock wave, for helium at My = 1.61, € = 1.5, Pr =2/3, and

p o« TO'663. The comparison with the corresponding Navier~Stokes pre-
diction is shown in figure 16.

Mott-Smith Method

According to the Mott-Smith method, the gas within the shock is
imagined to be a mixture of two families of molecules, one having the
mean velocity and temperature of the gas upstream of the shock and the
other having the mean velocity and temperature of the gas downstream.
The proportions of the mixbure are allowed to vary with distance through
the shock, in a manner satisfying the shock-wave boundary conditions
plus & rather arbitrarily chosen transport equation. The distribution
function is written as
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-
f = nl(x)< 1) e +

sfe - gy (se)fosy |
ne(x)< z ) ME( ) ' (B29)

e
%tsz

The method used to determine ny(x) and n,(x) is amply described in
reference 13. Substitution of distribution function (329) into the
Maxwell transport equations for mass, momentum, and energy ylelds the
Rankine-~Hugoniot equations relating u, .and T, to u; and Ty. The
variation of n with x dis determined by solving a Maxwell transport

equation for some quantity which is not a summational invarisnt in the
collision integral. Mott-Smith chooses, for convenience, the quan-

tity £4°, or alternstively £,”, and evaluates the collision integral

for rigid sphere molecules and for Subtherland molecules. Whatever the
choice of the quantity used in the extra transport equation, the solution
for the shock-wave velocity profile can be put in the form

Bx 1oge(l = V> (B30)
[ 1+Ww

where B 1is a function of the initial Mach number and the viscosity-
‘temperature dependence, as well as of the choice of transport varieble.
Mott-Smith feels that the solution obtained is sufficiently independent
of the latter choice to be a signiflcant approximation to a solution of
the complete Boltzmann equation.

The calculation of 4y from distribution function (B29) has not

been performed previously bubt 1is s very simple extension of the calcule-
tion for the wire in a uniform stream. The steady-state energy-balance

equation becames
—512/ 2

nl(x) e ' .

/1

2
x E____.__. s - ).;. s =
n,(x) T _Tga.( 2) (3 + )wa( 2)] 0 (B31)

-
Tia(sy) - (3 + u)wa(sl)] +
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The coefficients a and £ are again the same functions as listed in
equations (B24). The equation on the preceding page may be solved

for Ty, fram which the dimensionless, normalized variable +ty may be
formed:

by = 2ny (x) -1 (832)

_§522_ s 12>

nl(x) + n2(x) T2 e 2 fiigz

Iy f(sl)

The transformation from the dimensionless abscissa Bx/l to the
variable y wused in the present paper is performed as follows for the
Sutherland molecular model, which is considerably more appropriate %o
the present purposes than is the rigid sphere model: By Mott-Smith's
definition,

1

1

From reference 17, page 184, the viscosity according to the Sutherland

model is
o= 5 mkT T
1602 %t T+ S

Thus, the ratio of the reference length L, to Mott-Smith's reference
length 1 1is

L, 5 J+3\|[3+3\1 1 Ty
1 16‘/ (J+5>(j+4/ml2+a+hT*+s (833)

The new symbol S represents the Sutherland constant for the particular

gas of interest and is determined by best £it of the experimental vis-
cosity data. Comparison of equations (B30), (B3L), and (B18) yields
the Mott-Smith shock profile in terms of w and y:

5+ (%+1)Pr
= e 13 (l“’> B3k
Y (a+s>2+(3+3)<§+§)1,r@151* Ce\T v (B54)
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The function B(Ml) is tabulated for the §x2 transport and the

Sutherland model in reference 135. The introduction of viscosity coef-
ficients and Prandtl number into the shock-profile specification in
this case is only an artificial device allowing comparison with shock
profiles calculated by other methods, since these macroscopic gas prop-
erties do not enter the Mott-Smith method.

This method has been applied here to the calculation of shocks in
helium at My = 1.61 (e = 1.5) and M; = 1.82 (e = 1.77) and in air

at My =1.89 (e =3) and My = 3.70 (e = 4.40), the results being
shown in figures 15(a) to 15(c) and 16.
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APPENDIX. C

EQUILTBRIUM TEMPERATURE OF A FREE-MOLECULE CYLINDER

IN A DIATOMIC GAS WITH ROTATTONAT RELAXATION

Since the equilibrium temperature of a free-molecule cylinder is
conslderably higher In a monstomic gas stream than in a diatomic gas with
the same velocity and temperature, the following calculation has.been
carried out to predict the temperature of the cylinder in a diatomic gas
whose 1nert degrees of freedom are out of equilibrium with the trans-
lational degrees of freedam. An application of the analysis 1s made to
the hypothetical case of a cylinder placed Just downstream of the f£first
zone of a normal shock wave followed by a rotational relaxation zone of
canparatively infinite length. This is the shock whose properties have
been anslyzed in references 20, 21, and 22.

The distribution function for the relaxing diatomic molecules is
taken to be Maxwellian in form, and it is assumed that it may be factored
Into a translational term and a rotational term as follows:

£ = ’“‘(‘E‘)i/2 z ';Rs/ﬂta a2 e (c1)

8

where BEpg is the rotational energy of a molecule in the sth rotational

state. This is the standsrd approach to the free-molecule analysis of
uniform polyatomic gas flows (ref. 28), the only difference being that
it is now proposed to assign different velues to the translational tem-
perature Ti and to the rotational temperature Tr. In addition, separate

accommodation coefficients for translational and rotational energies o
end ap are introduced, defined by:

_ 1 - Ber
" dByi - dBgy
_ Bpy - Gpr

R dBp; - By
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In each of these defining equations dE represents an average energy
flux crossing an infinitesimal section of the interface between gas and
solid, the first subscript indicates the type of molecular energy (trans
lational or rotational), and the second subscript has the following

meanings:

i pertaining to incident molecules
by pertaining to reemitted molecules
W pertalning to hypothetical molecules bheing reemitted in

Maxwellian equilibrium at temperature of solid wall

Since the T's and ao's are taken as constants in the problem of
determining the equilibrium temperature of a cylinder, these modified
concepts have no effect on the integrations over the energy spaces and
around the circumference of the wire. The desired results may be drawn
fram the calculations of reference 28 and will be expressed here in the
nomenclature of appendix B: .

e a(_s)+ “r__ TR - (c2)
Ty 204 +og £(s) 204 +og Ty

In this equation the molecular speed ratio is based on the translational
temperature glone; that is,

8 = u (03)

The speed-ratio functions a(s) and f(s) are those given in equa-
tions (B24), with J = O.

Various speclal cases obtain from different aessumptions concerning
the relative magnitude of ai and ag. For instance, opne might argue

that, if the gas molecules require an enormous mumber of collisions among
themselves in order to restore equipartition of energy between trans-
lation and rotation, the rotational energy may be negligibly accammodated
to the temperature of an immersed solid surface, so that approximately
uR/at = 0. Then the energy balance would reduce to

S _1a(e (ch)

T, L f_(s)

which is simply the result for a monatomic gas.
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If, on the other hand, one subscribes to the notion of a gas mole-
cule being momentarily absorbed by a solid surface and then reevaporated
with 1little or no memory of its past history, it may sppear that a col-
lision with the cylinder is sufficlently more serious than a simple col-
lision between gas molecules so that the reluctant rotational energy may

be accammodated as well as the translationsl energy.lL Setting ag = ay
brings ebout the special energy-balance equation

(c5)

Without attempting at once to decide which of these hypotheses seems
the more reasonable, both may be applied to the prediction of the cylinder
equilibrium temperature in a flow where T 1s the translational tem-

perature immediately downstream of a shock which was too sudden for Ty

to have made any apprecisble adjustment away from its upstream equilibrium
value. The result will be compared with the temperature which the cyl-
inder would have behind & shock initiating with the same upstream con-
ditlions but displaying no rotational heat lag.

The ratio TRr/Ty and s for the statlon immediately behind the
first shock front must be computed. Since Ty, the equilibrium-state
temperature upstream of the shock, is already known, the unknowns are T,

and u., They may be calculated algebralcelly by considering one-
dimensional flow through a plane in which the specific-heats ratio of
the gas changes fram 7/5 to 5/3, with mass, momentum, and energy being
conserved., A convenient technique employing published gas-dynamics
tables is as follows:

(1) Corresponding to the initial Mach number Mj, calculate a
"monatomic” Mach number My, by

/5 4, = o
=12 = 0.9165 (c6)
1m 5/3 1 1

hKhudsen (ref. 41) reached this conclusion for hydrogen and
platinum.
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(2) Look up T—ba/Ttl and My, opposite M;, in tables of normal-

shock functions for a monatomic gas. Then the quantities needed for the
problem are obtained simply from

Ty > Tgo
since TR2 = TRJ. = T’bl and
5 = |2 Moy (c8)

(3) Calculate Tv/Ttg from equation (Ct) or from equation (C5).

(%) Suppose thst the upstream flow has a stagnation temperature T,
so that Ttl/To can be found opposite M; in adiabatic-flow tables of

a distomic gas., Then Ty may be referred to Ty by the equation

— T amm— —— p——

To T2 T4z To

For comparison, Tw/To for the case with no rotational lag may be
read from figure 11 opposite the Mach number My, which is given as a
function of Ml in diastomic-gas normal-shock tables. :

In this manner the ratio TW/TO versus M1 has been computed and
graphed in figure 17 for the three cases (&) with no relaxation zone
behind the shock, (b) with an extended relaxation zone and with zero
accommodation of rotatlonsl molecular energy to the surface temperature
of the wire, and (c) with relsxation and with equal accommodation of
rotational and transletional energies.
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TABLE I
SUMMARY OF FLOW PROPERTIES
I}Lssumed stagnation temperature, 530° IEI
FL " pu A1, Ly, y/ X5
ow rate, s £t Pt pt~1
Nozzle| Gas 1b/hr Ml € - 3
/ 1b sec/f’c (a) (b) (c)
6 Helium 2.88 1.72|1.65| 0.000312 [0.002%2 [0.00108 17h
6 Helium 3.84 1.82{1.77| .000390 | .00189 | .000864| 233
6 Alr 2.6 1.78|2.79] .000268 | .00254 | .00184 154
6 Adr 3.9 1.85|2.9%! .000380 | .00182 { .00130 230
6 Adr 5.2 1.90{3.02] .00048% | .00146 | .00102 301
6 Air 7.7 1.9813.15| .000670 | .00106 | .000736| 434
8 Alr 5.2 3.70|4.40] .001280 | .000513| .000386{1,157
8 Air 10.3 3.91{4.46] .002058 { .000305| .000240(1.886

8Mean free path ahead of shock, A7 = v-’é(a +

for air, L,x_=2-u—*-

bror helium, L, = p*/pu;
CFor helium
? 35 Ly
27 ex

shear viscosity),

Mypg

+ 3/ pu

2 pu

y = EL-EE; for air (Bulk viscosity = Two-thirds
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TABLE II

THEORETICAL, SHOCK PROFILES ACCORDING TO

NAVIER-STOKES EQUATIONS

Ges | My | e |3]| Pr [K/u xint/)\ ofln p « 1)
®Helium | 1.61:|1.5 |0 | 2/3 | O 0 0.663
®Helium | 1.82 [1.78|0 | 2/5 | © 0 .663
Air 1.89 |3 2| 3/ | o |2/ .76
BAir 1.89 |3 2| 3/ |2/3| 2/5 ’ .76
Adr 3.0k (2 3/ O 2/5 .76
Air .okl 2] 3/ {49 2/5 .76
8pir .04 |2 3/ | 2/3] 25 .76
Air 3.70 | %4 | 2 |Per(T)| O 2/5 by(r)

8150 treated by Mobt-Smith theory, E,° transport,
and Sutherland molecules.

bEmpirical veriation with temperature (refs. 34
and 35), T, = 441.6° R,
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' L-87940
Figure 2.- Air-afterglow photos showlng principle of shock-holder operation.
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Flgure 3.- Disturbance of shock by small ilmpact tube.
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(b) Thermocouple.

Figure 6.- Equilibrium-temperature probes.
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L-87943

Figure T.- Experimental setup showlng nozzle 6, wire traverse,
no. 5 shock holder, dial gage, and wilring for resistance

thermometer.




MEAN FREE PATH, IN.

NACA TN 3298

.06
.04
\c"'"“7HELIUM GAS IN NOZZLE 6
02 \Q\ M, =1.72, 1.82
' \\ | | |
\(NOZZLE 6
N, |-78<M<2.20
010
AN
.008 \>\\L
.006 < X
N
004 \\\
NOZZLE 8—/\
002 3.7< M<4.2 \
.00]

| 2 4 6 8 10 20 30 40
FLOW RATE, LBS /HOUR

Figure 8.- Mean free path in free stream of no. 3 wind tunnel.
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Figure 9.- Conmbilnued.

99

Q62% NI VOWM



1.0 =050

O RUN 486, 0.00025" RESISTANGE
WIRE, NO.5A SHOCK HOLDER

O RUN 489, 0.00025' RESISTANCE
WIRE, NO.5 SHOCK HOLDER

0.002" THERMOCOUPLE,
NO.5 SHOCK HOLDER

kN

~1 0
y

(¢) Nozzle 6; 2.6 1b/hr; air; M; = 1.78.

Flgure 9.- Contlnued.

Q62¢ NI VOVK

L9



1.0

O

RUN 489, 0.00025" RESISTANCE
WIRE, NO.5A SHOCK HOLDER

-2

0
y

() Hozzle 6; 3.9 1b/hr; alr; M; = 1.85.

Filgure 9.- Continued.

89

g62¢ NI VOWN



2
5
.0 ‘4'“**“*-CL-EL~GL\. | :
8 Q »
- -8 N \c%
\QL O RUN 483,0.00025" RESISTANCE
-6 ‘&n WIRE, NO. 4 SHOCK HOLDER
4 0.002" THERMOCOUPLE,
\ NO. 5 SHOCK HOLDER
.2
tw O
-2 \
-4 5\
-.6 Qb\
-.B x
-1.0 o——
-3 -2 oy 0 | 2 3
y

(e) Hozzle 6; 5.2 1b/hr; air; My = 1.90.

Flgure 9.~ Conmtilnued.

69



1.0y
O
.8 -41~\\\‘143
T
& \1 © RUN 482, 0.00025" RESISTANCE
: \hSh WIRE, NO.4 SHOCK HOLDER
4 0.002" THERMOCOUPLE,
ﬂ\b» NO. 5 SHOCK HOLDER
2
tvv o) \E\
..._2 \
__4 \
-6 o]
. N
) N
-1.0 O
-3 -2 -1 o | 2
y

(£) Nowzzle 6; 7.7 lb/hr; alr; My = 1.98.

Figure 9.- Continued.

oL

R6SE ML VOV



%

N N O DO
/
S nle
H D
-

20

w0 , N

%

TRACES WITH 000025 RESISTANCE WIRE
\ g é& O RUN 478, DETACHED SHOCK,0.864(%
. B O RUN 479, NO.6 SHOCK HOLDER

O‘B—%A RUN 480, NO.6 SHOCK HOLDER

¢ RUN 481, NO.4 SHOCK HOLDER

TRACE WITH 0.0031I"THERMOCOUPLE

NO. 4 SHOCK HOLDER

-2
&
e
-.6 8
. AN
-1.0 Im" 0 wﬁ

' -3 -2 y 0
| y

(g) Nozzle 8; 5.2 1v/hr; air; My = 3.70.

Figure Q.- Contlnued.

p63E NI VOVH



|O_° o0 oo
fo

.8 %

6 O BOTH TRACES WITH 0.00025"

’ 8o RESISTANCE WIRE

4 go O RUN 476, NO.6 SHOCK HOLDER

o | ¢ RUN 480, NO.6 SHOCK HOLDER
2 00
P
tw O
o)
...._2 o)—
O
8
-4 o)
-6 8
'
-8
(o] o o R
-1.0 0
-4 -3 -2 - 0 I 2
y

(b) Nozzle 8; 10.3 lb/hr; air; M; = 3.91.

Figure 9.- Concluded.

A

g6es ML VOVN



NACA TN 3298

X

(a) Maximum-slope thickness.

X
(b) Area thickness.

Figure 10.- Definitions of shock thickness.
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(b) Dietamic gas (air); M, = 1.89.

Fligure 15.- Continued.
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(c) Distomic gas (air); M; = 3.70.

Figure 15.~ Concluded.
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Figure 16.~ Comperiscn of verious theories for monatomic gas (helium).
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Figure 17.- Cylinder temperature behind & normal shock 1n a diatomic gas
exhibiting rotational relaxation (appendix C).
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Pigure 18.- Influence of end losses on thermocouple snd reslstance-wire
probes.
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